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Let R and S be arbitrary (not necessarily commutative) rings with unit 
and letfi R --f S be a ring morphism. By a module, we will mean left module 
unless otherwise stated. Mod(R) will denote the category of R-modules. 
Recall that S is of relative global dimension zero over R if every S-module 
M is an (S, R)-injective module, i.e., if 0 -+ M -+ A + B + 0 is an exact 
sequence of S-modules which splits when considered as an exact sequence 
of R-modules, then 0 + M -+ A + B -+ 0 splits over S also. See G. 
Hochschild [2] for general definitions. The basic result of this paper is to 
give a sufficient condition on f to imply S is of relative global dimension 
zero over R. In the last section, we apply these results to graded rings. 
PRELIMINARIES 
Let F: Mod(S) -+ Mod(R) be the forgetful functor. Let G: Mod(R) -+ 
Mod(S) be the functor defined by G(X) = Hom,(S, X), for X E Mod(R) 
where Hom,(S, X) is a left S-module by (s * h)(s’) = h(s’ * s) for 
h E Hom,(S, X) and s, s’ E S. It is well known that G is the right adjoint of F. 
For each YE Mod(S), we have an S-module monomorphism 
Y z Hom,(S, F(Y)) = GF(Y), 
given by ~+(y)(s) = s * y for y E Y and s E S. Since each Hom,(S, F( Y)) is 
a relative (S, R)-injective (Hochschild, Lemma 1 [2]), S will be of relative 
global dimension 0 if for each YE Mod(S) there is an S-module splitting 
/?r : Hom,(S, F(Y)) -+ Y. such that /3ro~r = 1 r . 
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1. THE CRITERION 
Choose a set {e, ,..., en} of orthogonal idempotents in S such that 
1 = CL, ei . These idempotents will remain fixed throughout this section. 
For 1 ,( i, j < 71, let Rii = (r E R : eif(y) = f(y) e&. 
Basic Properties of the Rij 
Given i, j, k E {l,..., n}, 
(1) R, is an additive subset of R. 
(2) Rij . Rjk C R,, 3 where Rij * Rjk = {Cl”=, Y~Y~’ : m EN and Al E Rij 
and rl’ E Ri,}. 
(3) Rii is a subring of R. 
The proof is left to the reader. 
Let 
Yll 
r21 
T= 
Ii: 
r12 *** Yl?l 
122 
r31 : 
I 1 
: rij E Rii . 
. . 
rn1 Y,, ..* YlaTZ 
By the basic properties, we can add and multiply elements of T as n x 71 
matrices. This makes T into a ring. 
PROPOSITION 1.1. The following statements are equivalent: 
(1) The ring map g: T + S defined by g((ri3)) = Cr,, eif (rfj) ej is a 
surjection. 
(2) For each s E S and j E {l,..., n}, there exist ri E Ri3 , i = l,..., n such 
that sej = Cy=, eif (ri). 
(3) Foreachs~Sandj~{l,..., n}, thereexistriERir,i= I,..., nsuch 
that ejs = C,“=, f (ri) ei . 
Proof. It is easy to prove (1) o (2) and (1) o (3). For example, (1) * (2). 
Let SES and jE{l,..., n}. Then by (1) there exist rii E R, such that 
s = Cy,j=l eif (rij) ej . ‘I’h US sej = & eif (rij) ej = & eif(rif) and we 
have proven (2). 
For each YE Mod(S), consider the set map: Igr : Hom,(S, F(Y)) -+ Y 
given by ,@r(@) = CiE1 e&e,). In general, pr is not an S-morphism. 
THEOREM 1.2. If f satz$ies (l)-(3) of 1.1, then fly: Hom,(S, F(Y)) -+ Y 
is an S-morphism, for all YE Mod(S). 
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Proof. We want to show that for each s E S and @ E Hom,(S, F(Y)), 
s . (sy(0)) = /3r(s . @). That is, we want to show s . CL, e,@(e$) = 
Cy=, e@(e,s). By (l), th ere exist yii E Rij such that s = CF, ejf (rjl) e, . Then 
s * (Cy=, e@(ei)) = Cy=, Cy=, eJ (r&D (ei) = Cy=, CT=, q@(f (rid) ei) since @ 
is an R-morphism. 
Since Cy=, f (rid) ei = e,s, we get s . (& ei@(ei)) = CyC, ej@(ejs). Hence 
jgr is an S-morphism. 
THEOREM 1.3. If f satisjies (l)-(3) of 1.1, then By : Hom,(S, F(Y)) + Y 
is an S-splitting of Oly : Y -+ Hom,(S, F(Y)), for each Y E Mod(S). 
Proof. If y E Y, then ,BYaY(y) = Cicl ei(aY(y))(ei) = Cy=“=, e,eiy = y 
since (a,(y))(s) = s . y. Thus pyoly = 1 Y. 
Note that one can easily show that the splitting is functorial, that is, 01~ 
and py are natural transformations. 
COROLLARY 1.4. If f satisfies (l)-(3) of 1.1, then for each YE Mod(S), Y 
is a summand of GF(Y). Furthermore, S has relative global dimension zero 
over R. 
Remark. Fixing f: R --f S and varying the choices for {e, ,..., e,} gives 
rings T and mapsg: T + S. Some interesting questions arise as to what is 
the relation between the rings T, R, and S, if any, and what is the relation 
between the subrings f(R) and g(T) of S. Is there a set of idempotents 
-Ce, ..., e,} such that g(T) is the “biggest” subring of S in some sense ? 
Finally, we may apply Corollary 1.4 to the representation theory of Artin 
rings as follows: 
Recall that an Artin ring A is of$nite representation type if there are only a 
finite number of nonisomorphic finitely generated indecomposable A- 
modules. 
THEOREM 1 S. If R and S are Artin rings, andf: R + S satisfies conditions 
(l)-(4) of 1.1, then S is of finite representation type if R is of Jinite representation 
We. 
Proof. Assume R is of finite representation type. Let F: Mod(S) --f 
Mod(R) and G: Mod(R) + Mod(S) be as above. If “mod(R)” denotes the 
full subcategory of finitely generated R-modules, then F and G induce 
F: mod(S) -+ mod(R) and G: mod(R) + mod(S). Let Xi ,..., X, be a full 
set of nonisomorphic indecomposable modules in mod(R). 
Let YE mod(S). Then, since R is Artin, by the Krull-Schmidt theorem, 
F(Y) is isomorphic to a direct sum u:=, Xj’Q), where X:‘Q) denotes the direct 
sum of ni copies of Xi . 
CRITERION FOR RELATIVE GLOBAL DIMENSION ZERO 133 
Thus GF(Y) is isomorphic to I& GF(X,)(lli). Since S is Artin, each 
GF(X,) can be written as a direct sum of finitely many finitely generated 
indecomposable S-modules, namely GF(X,) g IJzI Zij . Thus, by Krull- 
Schmidt, GF(Y) g JJ:=, Hz1 Zi;i’. By Corollary 1.4, Y is a summand of 
GF(Y). Hence Y is a direct sum of copies of the Zii’s. This is true for every 
YE Mod(S) and hence S is of finite representation type. 
2. GRADED RINGS 
We now wish to apply to results of Section 1 to graded rings. We first give 
some general definitions and relations of the graded modules to the modules 
of a graded ring. 
Let R = A,, + A, + ... + A, + A,+r + ... be a graded ring with A,, 
an arbitrary (not necessarily commutative) ring. Using the multiplicative 
structure of R, we consider each Ai as a two-sided A,-module, for i 3 0. 
DEFINITION. We say a graded R-module M = M, + JII + e-e has 
degree <‘n if iV& = 0 for all i > n + 1. Let G,(R) be the category of graded 
R-modules of degree <n and degree zero maps. 
Remark. (1) Let R = R/(A,+l + An+2 + -..). Then R is the graded 
ring A, f A, + . ..+A.+O+O+ ... with multiplication induced from 
multiplication of R, given by 
Ai 0, Aj -+ 
I 
gA”’ if i+j<n 
if i+j>n. 
The reader can easily verify that G,(R) and G,(R) are equivalent categories. 
(2) G,(R) is an abelian category for all n > 0. 
We now consider some special objects in G,(R). Let 
i zercm 
-- 
pi=o+o+.*. + 0 + A,, + A, + *.. + Anpi + 0 + a’., for 0 < i < n. 
We give each Pi the obvious graded R-module structure. Clearly each Pi 
is of degree <n. 
PROPOSITION 2.1. (I) For 0 < i < n, Pi is a small projective object in 
G,(R). 
(2) P = JJyCO Pi is a small projective generator. 
The proof is left to the reader. 
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It is well known that, if Q is a small projective generator in an abelian 
category A, then the categories 4 and Mod(End4(Q>“p) are equivalent. For 
example, see Mitchell [3, IV, Theorem 4.11. Thus, by Proposition 2.1 we get 
THEOREM 2.2. The category G,(R) is equivalent to 
Mod(En&s&‘>“p>I where P = fi Pi. 
i=O 
We now will determine what ring we have obtained. Let S be the ring 
Ao 
A, Ao 
0 
S= A, 4 Ao .. . . . . . 
*-- .- 
A0 
A, A,-, *** A, A, 
whose operations are given by matrix multiplication and addition. 
PROPOSITION 2.3. End cn(R~(P)op s S as rings. 
Proof. The result follows from noting that 
Finally, EndGnW(P>“” is isomorphic to the matrix ring ((P3 , Pi)), where 
(Pi , Pi) = Hom,-+)(Pi , Pi) is the (i + 1, j + l)th-entry. 
COROLLARY 2.4. The category G,(R) is equivalent to Mod(S). 
Nowletf: R+Sby 
f(ao + aI + a2 + e.0) = 
‘a0 
al a0 0 
a2 al a0 . . . . . . . . . 
a,-, al aI 
, where ai E Ai . 
PROPOSITION 2.5. f satkjies (l)-(3) of Proposition 1.1. 
Proof. Choose (xii) E S. Then xij = 0 if j > i and xii E Ai+ . 
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For i = O,..., n, let ei = ( Wjk) E S, where 
wjk= ; 
i 
if j=K=i+l, 
otherwise. 
Then the ei’s are orthogonal and Cy=, ei = 1 E S. Let 
i - j-th place 
Yij = 0 + 0 + a.. + ... + 0 &, + 0 + ... E R for 0 <i < i < n. 
Then one may calculate that Cy,+, eif(rii) ej = (xii) and hence (1) of 1.1 
is satisfied. 
THEOREM 2.5. R, S, G,,(R) as above. Then 
(1) S is of relative global dimension zero of R. 
(2) G,(R) is equivalent to Mod(S). 
(3) If R and S are of Artin graded rings then S is of finite representation 
type if R is of jkite representation type. 
These results are just consequences of Proposition 2.5 and the results of 
Section 1. Theorem 2.5 is applied in Green [l] to give results about the 
representation theory of tensor algebras. 
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